TOPOLOGY OF MANIFOLDS WITH ASYMPTOTICALLY 
NONNEGATIVE RICCI CURVATURE 



BAZANFARE MAHAMAN 



Abstract. In this paper, we study the topology of complete noncom- 
pact Riemannian manifolds with asymptotically nonnegative Ricci cur- 
vature. We show that a complete noncompact manifold with asymp- 
toticaly nonnegative Ricci curvature and sectional curvature Km{x) > 
— . F.^ is diffeomorphic to a Euclidean n-space R" under some condi- 
tions on the density of rays starting from the base point p or on the 
volume growth of geodesic balls in M. 



1. Introduction 

One of most important problems in Riemannian geometry is to find con- 
ditions under which manifold is of finite topological type: A manifold is 
said to have finite topological type if there exists a compact domain with 
boundary such that M\r2 is homeomorphic to dO, x [0, cxd[. The fundamental 
notion involved in such a finite topological type result is that of the critical 
point of a distance function introduced by Grove and Shiohama [8]. Let p a 
fix point and set dp{x) = d{p,x) A point x p is called critical point of dp 
if for any v in the tangent space T^M there is minimal geodesic 7 from x to 
p forming an angle less or equal to 7r/2 with 7'(0) (see l8|). 

In several papers it has been proved results for manifolds with nonnega- 
tive curvature. By isotopy lemma (see below), the absence of critical point 
assumed that the manifold is diffeomorphic to the euclidean space M"". 

X. Menguy in [Tl] and J. Sha and D.Yang in [13] constructed manifolds 
with nonnegative Ricci curvature and infinite topological type. Hence a 
natural question is under what additional conditions are manifolds with 
nonnegative Ricci curvature of finite topological type? Are those manifolds 
diffeomorphic to the unit sphere or the euclidean space? Under volume 
growth, diameter or density of rays conditions, some results were obtained 
on the geometry and topology of open manifolds with nonnegative Ricci 
curvature. See [2], [3] , [6] , [10] , [12] , [H] , MM, ^M- ■ ■ 

Let K denotes the sectional curvature of M and fix a point p £ M. For 
r > let 

/Cp(r) = inf K 

M\B(p,r) 
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where B{p, r) is the open geodesic ball around with radius r and the infimum 
is taken over all the sections at points on M\B(p,r). If {M,g) is a complete 
noncompact Riemannian manifold, we say M has sectional curvature decay 
at most quadratic if kp{r) > for some C > 0, a G [0,2] and all r > 0. 

In this paper we see the case of manifolds with asymptotically nonnegative 
Ricci curvature and with sectional curvature decay almost quadratically. 

A complete noncompact Riemannian manifold is said to have an asymp- 
totically nonnegative sectional curvature (Ricci curvature) if there exists a 
point p, called base point, and a monotne decreasing positive function A 
such that Jf^°° sX{s)ds = < +oo and for any point x in M we have 

K{x) > -X{dp{x)) {resp. Ric{x) > -{n - l)\{dp{x))) 

where dp is the distance to p. Let B{x,r) denote the metric ball of ra- 
dius r and centre x in M and B{x, r) denote the similar metric ball in the 
simply connected noncompact complete manifold with sectional curvature 
—X{dp(x)) at the point x where dp{x) = d{p,x) is the distance from p to x. 
The volume comparison theorem proved in [9j] says that the function 

r I— > '"°{^{-'^\ is monotone decreasing. Set 

volB(x,r) ° 

volB{x,r) . 
Ux = hm — — - and om = mi ax- 
r^+oo volB[x,r) xeM 

We say M is large volume growth if um > 0. 

In [I] U. Abresch proved that asymptotically nonnegative sectional cur- 
vature have finite topolological type. 

Let Rp denotes the set of all ray issuing from p and S{p, r) the geodesic 
ball of radius r and the center p. Set H{p, r) = maxx^s{p,r) d{x, Rp). By de- 
finition, we have H{p, r) < r. Some results have been obtained by geometers 
on manifolds with nonnegative Ricci curvature by using the density of the 
rays. For manifods with quadratic sectional curvature decay, Q. Wang and 
C. Xia proved that there exists a constant 5 such that if H{p,r) < 5r then 
they are diffeomorphic to M". 

In this paper we prove the following theorem: 

Theorem 1.1. Given c > and a £ [0,2]; suppose that M is an n- 
dimensional complete noncompact Riemannian manifold with RicciMix) > 
— (n — l)X{dp{x)) and K{x) > — ^ , Critp > ro then there exists a posi- 
tive constant 6o > such that if H{p, r) < dor^/"^ then M is diffeomorphic 
to W where f3=l + a{l- 

Remark 1.2. (i) Theorer dl.ll is an improvement of theoreml.l [T6] where 

nonnegative Ricci curvature was assumed and sectional curvature Kp{r) > 
C 

(l+r)° • 

(ii) For a = theorer dl.ll is a generalisation of lemma 3.1 |18j . 

In [16j Q. Wang and C. Xia proved the following theorem (Theorem 1.3) 
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Theorem 1.3. Given a E [0,2], positive numbers vq and C, and an integer 
n2, there is an e = {n,ro,C, (3) > such that any complete Riemannian 
n-manifold M with Ricci curvature RicM > 0, oa/ > 0, critp > rp and 

^ C volB{p,r) / e \ 

for some p £ M and all r > r^ is diffeomorphic to M". 
In this paper we prove a more general resuh: 

Theorem 1.4. Given c > and a G [0,2]; suppose that M is an n- 
dimensional complete noncompact Riemannian manifold with RicciMix) > 
— (n — l)X{dp{x)) and K{x) > — ^ ; Critp > tq then there exists a posi- 
tive constant e = e(C, a,ro) such that if 
(1.1) voW{p,r 



volB{p,r) - V r("-2+i)(i-f) 
then M is diffeomorphic to M"". 

2. Prelimanaries 

To prove our results we need some lemmas. 
The following one is proved in [8] 

Lemma 2.1. (Isotopy Lemma). 

Let < ri < r2 < oo. // a connected component C of B{p,r2) \ B(p,ri) 
is free of critical points ofp, then C is homeomorphic to Ci x [ri,r2], where 
Ci is a topological submanifold without boundary. 

If ri = and r2 = oo then the homeomorphism becomes diffeomorphism 
(see for example [7].) 

Let p and q be two points of a complete Riemannian manifold Af. The 
excess function Cpg is defined by: epg{x) = dp{x) + dg{x) — d{p,q). In [2j U. 
Abresch and D. Gromoll gave and explicit upper bound of the excess function 
in manifolds with curvature bounded below. They proved the following 
lemma: 

Lemma 2.2. (Proposition 3.1 \2\) Let M be an n— dimensional complete 
Riemannian manifold (n > 3 and let ^ be a minimal geodesic joining the 
base point p and another point q&M,x&Misa third point and the excess 
function epq{x) = dp{x) + dq{x) — d{p,q). Suppose d{p,q) > 2dp{x) and, 
moreover, that there exists a nonincreasing function A : [0, +oo[^ [0,+oo[ 
such that bo = Jq r\(r)dr converges and Ric > — (n — l)\{dp{x)) at all 
points X G M. Then the height of the triangles can be bounded from below in 
terms of dp{x) and excess epq{x). More precisely, 

(2.1) . > m^n^^-dp{x), il + 8b!y/^ ' Codp{xf'^\2epq{x)f--^) 

where Co = ^^,ij^)'/-. 
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Lemma 2.3 (lemma [9]). Let {M,g) be a complete noncompact Riemannian 
manifold with asymptotically nonnegative Ricci curvature with base point p 
Then for all x £ M and all numbers R' , R with < R' < R we have 
(2.2) 

volB{x,R) ^ volBjx, R) ^ ( e("-i)^« (-f )" if 0<R<r = d{p, x) 
volB{x,R') - volB{x,R') " \ e("-i)^« (^)" if R>r 

where B{x,s) is the ball in M with center x and radius s. 

Let Sp be a closed subset of Up = {u £ TpM, \\u\\ = 1} . 

Set Sp(r) = {v £ T,p/j{t) = expptv,^ is minimal on [0,r]} and 

Bi,,ir)ip,r) = {x£ Bip,r)/3^ : [0,s] ^ M, 7(0) = p, 7(5) = x and 7'(0) E S^} . 

Set Sp(oo) = nr>oSp(r). 

The following two lemmas generalised the above one. 

Lemma 2.4 (Lemma3.9 [TO]). Let {M,g) be a Riemannian complete non- 
compact manifold such that Ricm > —{n — l)X{dp{x)) and Sp be a closed 

subset of Up. Then the function r 1-^ ^°volB\f'r)^ ™^ increasing. 

Lemma 2.5 (Lemma 3.10 [10]). Let {M,g) be a Riemannian complete non- 
compact manifold such that RicM > —{n — l)X{dp{x)) and Sp be a closed 

subset of Up. Then ""^^^ib^^^ > o^p- 

3. Proofs 

Proof of theoren {Tn\ 

To prove the theoren Jl.H it suffices to show that dp has no critical point 
other than p. Let x be a point of M. Set r = d{p,x); s = d{x,Rp). Since 
Rp is closed there exists a ray 7 issuing from p such that s = d{x,^). Set 
Q = 7(^0) for to > 2r. Let ai and a2 be geodesies joining x to p and q 
respectively. 

Set p = cJi((5r"/2) ; g = a2((5r°/2) with 

{1-/3/2 1-/3/2 ^ 

Consider the triangle {x,p, g); if y is a point on this triangle, then 
d{p, y) > d{p, x) — d{x, y) > d{p, x) — d{p, x) — d{p, y) > d{p, x) — 26r°'^'^. 
Since /3 > a. we have 

(3.2) d{p, y) > d{p, x) - 25r^/'^ > r(l - 26r2'^) > r(l - 25r|~^) > r/4. 

Hence y£M\ B{p,r/A) and Kuiy) > 

Thus the triangle (x,p, g) C M \ B(p, |). Set 6^ = Z(t;(0), cj^(O). 
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Applying the Toponogov's theorem to the triangle {x,p,q) we have: 
(3.3) 

( ^W^'^^^'^) j < cosh^ f j-sinh2 l—-j^d{p,x) j cos( 

hmce s < we deduce from inequaties (|2.ip and (|3.ip 

Cori/"(2ep,(x))i-^ < dr''/^ 

hence 

rn/n — 1 r 

By triangle inequality, we have 

d{p, q) > d{p, q) - d{p, p) - d{q, q) 

(3.5) > d{p,q) - d{p,x) + d{p,x) - d{x,q) + d{q,x) . 
> 25r"/2 _ epg{x). 

Hence 

(3.6) d{p, q) > 25r"/2 _ ^^"/a > ^5^"/2. 



From inequalities (|3.3p and (|3.6p we deduce 



cos/i f -C^/22"<5 ] < co5/,2 ( c7i/22«5) _ ginh^ ( C^/^2''6] cos9. 
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Therefore 



smh^ ( C^/^^'d] cose < cosh^ ( C^/^2''6] - cosh f ^C^/^2''6 

Let Xq be the solution of the equation cosh?2X — coshSX = 0. If 6o < 
then 9 > ^ which means that x is not a critical point of dp and the conclusion 
follows. 



Proof of theoren fL4\ 

If y{t) denotes the function given by the Jacobi equation 

y"it) = Xit)y{t) 

in the simply connected manifold with sectional curvature —X{d{p,x)) at 
the point x then (see [9] ) 

(3.7) t < y{t) < e^H 
and it follows that 

(3.8) ujur"" < volB(j), r) < w^e^^'^^^'V". 
In one hand we have: 
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Let X E M, X 7^ p; set s = d{x, Rp) and T,p{oo) = Up \ Tip{oo). Thus 
B{x, |) C B^.(^^){p,r+^) \ B{p,r- |). 



Hence 



s s s 

(3.9) volB{x, -) < volBj^c^^) {P,r + -)- volB{p, r - -] 



(3.10) < volBY,c^^){p,r + -) - volBY,c^^){p,r - -) 

J. f volB^c(^){p,r + ^) \ 

(3.11) < «o/i?sc (oo)(p, r - ^) ,„ ^ ^ - 1 . 

We deduce from lemms [23] 

(3.12) £) < ™iB..,^,(p,r - |) (J^g|^ - 1) 

where J(i) denotes the exponential Jacobi in polar coordinates. Since the 
function J/y is nonincreasing (see [9j) and using the inequality ()3.7l we have: 



(3.14) volBix,-)< 2- e("-^)M / / t-^dt 

2 u;„(r-2)" \JUpJr-s/2 J 

volBY,c(^)(p,r — . 

(3.15) < f ^ s.rr ' e("-^)^" ((r + s/2)" - (r - ./2)«) 

(3.16) < volB^,,^,ip,r- |)e("-)^o ((^)" - l) 
(3.17) 

< ^o/i?sc(oo)(p,r-|)e("-i)^o ((1 + - 1) < ^o/i?sc(oo)(p,r--|)e("-i)''«. 

In other hand we have 

volB^c^^){p,r - -) = volB{p,r- s/2) - volBj^^(^^){p,r - s/2) 

By ()2.5p we have 

(3.18) volBj:^(^^){p,r - s/2) > apVolB{p,r - s/2). 

From (|3.17p and (|3.18l we deduce 
volB{x,s/2) < [volB{p,r- s/2) - apVolB{p,r- s/2)] .e("-^)^o.-(3" - 1). 
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By 11.11 we have 

(3.19) volB{x, s/2) < '"^ ,, e("~^^° -TvoWip, r-- 

From H^SM and (f3?T9]l we have 

(3.20) volB{x, s/2) < eape2("-i)''«s3W^""^^^"+^^^""". 
We claim that 

(3.21) volBix,s/2)>^^^s-. 

Indeed we have B{p,r) C B{x,2r), and by (j2.3p we deduce 
^2 22) volB{p,r) ^ volB{x,2r) ^ B{x,2r) 



volB{x,s/2) - volB{x,s/2) " volB(x,s/2) 

(3.23) < e("-i)''° (^^)" < e("-i)^«6" (^)" . 
Thus 

(3.24) .o^S(x,V2)>'"''^''^^''^ 



grig(n— 1)607-" ' 

Hence from (13. Sp . lemm ^231 and (I3.24P the conclusion follows. 
Thus from (j3.20p and the inequality (j3.2ip we have 

^n-l < ^-^gng3{n-l)6o^(n-l)(^ + f (1-^)) 

which means that 

s < ei/(n-i)i8"/("-i)e3^'o^^+f (1-^). 
Then it suffices to take e < ^g„ js'l^'ij^p ■ 
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